Abstract. Let (A, m) be a Cohen-Macaulay local ring of dimension d ≥ 1 and I an ideal in A. Let M be a finitely generated maximal Cohen-MacaulayAmodule. Let I be a locally complete intersection ideal with ht M (I) = d − 1, l M (I) = d and reduction number at most one. We prove that the polynomial n → ℓ(Tor A 1 (M, A/I n+1 )) either has degree d − 1 or F I (M ) is a free F (I)−module.
introduction
Let (A, m) be a Cohen-Macaulay local ring of dimension d ≥ 1 and I an ideal in A. Let M be a finitely generated A-module. Let F (I) = n≥0 I n /mI n be the fiber cone of I and F I (M ) = n≥0 I n M/mI n M be the fiber module of M with respect to I. Let l(I) = dim F (I) denote the analytic spread of I. Suppose that ℓ(Tor It is of some interest to find the degree of t A I (M, z). In [8, 18] it was proved that if M is a maximal Cohen-Macaulay A-module and I = m then deg t A m (M, z) < d − 1 if and only if M is free. In [5, Theorem I] this result was generalized to arbitrary finitely generated modules with projective dimension at least 1. On the other hand it is easily seen that if I = (x 1 , . . . , x d ) is a parameter ideal in A and M is a maximal Cohen-Macaulay A−module then Tor A 1 (M, A/I n+1 ) = 0 for all n ≥ 0, see [8, 20] .
Assume now that M is a non-free maximal Cohen-Macaulay A−module. Suppose that I is not m−primary. Two natural conditions when ℓ(Tor A 1 (M, A/I n+1 )) < ∞ for all n ≥ 0 are as follows:
(1) A p is a regular local ring for all primes p = m.
(2) ht(I) = d − 1 and I is locally a complete intersection. We focus our attention on the second condition. We assume that ht(I) = d − 1 and l(I) = d with I a locally complete intersection ideal. We prove the following theorem 
When (A, m) is a hypersurface ring of dimension d = 1 we show that deg t A I (M, z) < d − 1 if and only if M is free A−module. We also give an example of a non-free maximal Cohen-Macaulay A−module such that F I (M ) is free F (I)−module.
Preliminaries
Let (A, m) be a local ring with infinite residue field k = A/m. Let I be an ideal in A and M be a finitely generated A-module.
Proof. The proof is by induction on n. Let n = 1. Let L be the first syzygy of M.
We have the exact sequence,
Since A is Cohen-Macaulay and M is maximal Cohen-Macaulay x 1 , ..., x m is also an M −regular sequence. Now by [1, 1. 
p for some p ≥ 1. Now applying the functor − ⊗ A/I k to the above exact sequence we get the following long exact sequence,
We first give two natural conditions when ℓ(Tor Proof. Suppose that A p is a regular local ring for all primes p = m. We first note that if P ∈ Supp(M ) then M P is maximal Cohen-Macaulay. Thus when p = m it follows that either M P = 0 or M P is free. It is now easy to see that Supp(Tor Proof. It suffices to show that Supp(Tor
and consider (Tor
). If P = m then by hypothesis I P is a complete intersection. If dim M ≥ 2 then by [8, 20] we have Tor
Remark 2.4. If l(I) = d − 1 and I is locally a complete intersection then I is a complete intersection.
We need the following lemma.
Note that R 1 is a vector space over an infinite field k. The set C = {P ∩ R 1 | P ∈ B} is a finite set consisting of proper subspaces of R 1 . So we can choose an element x ∈ R 1 \ P ∈C P ∩ R 1 . It is now easy to see that x is R−regular and M −filter regular.
(ii) Let N = M/xM and B = (0 : M x). Since B n = 0 for n >> 0, H i R+ (B) = 0 for i > 0. So we have the following long exact sequence
where L is the first syzygy of M. Now since x is M −regular it follows from [1, 1.
is exact sequence. By hypothesis N is free S−module and so N ∼ = S l . Thus L/xL = 0. By graded Nakayama lemma we get that L = 0. Thus M ∼ = R l and hence a free
We recall the definition of superficial element.
Definition 2.6. An element x ∈ I is I−superficial for M if there exists a positive integer c with (
Remark 2.7. Assume that grade(I, M ) ≥ 1. If an element is I−superficial on M then x is regular on M and
A convention: The degree of the zero polynomial is defined to be −∞. 
Set B = A/xA, N = M/xM and J = I/(x). Then we have
Proof. Since x is I−superficial for A, one has following exact sequence for all n ≫ 0
where the map i is defined by i n (a + I n ) = xa + I n+1 . Applying M ⊗ A − to above exact sequence gives the following exact sequence of A−modules
Since x is I−superficial on M the map M ⊗ i n is injective for n ≫ 0. We claim that the map Tor 
As x is superficial on L it follows that the map L ⊗ i n is injective for n ≫ 0. Thus Tor A 1 (M, i n ) is injective for n ≫ 0. So for n ≫ 0 above long exact sequence becomes
Now since x is both R−regular and M −regular we obtain the following isomorphism, see [7, 18 .2 ]
From this isomorphism and the exact sequence above it follows that for n ≫ 0
Thus it follows that
Recall that an ideal J ⊆ I is reduction of I if there exists a natural number m such that JI n = I n+1 for all n ≥ m. We define r J (I) to be the least such m.
A reduction J of I is called minimal if it is minimal with respect to inclusion. Reduction number of I is defined as follows, r(I) = min{r J (I) | J is minimal reduction of I}. 
Consider the following set 
Observe that V i ⊗ k and W j are proper subspaces of I/mI for 1 ≤ i ≤ t and 1 ≤ j ≤ k. Since k is infinite we can choosē
We now verify conditions (i) to (v). Since x / ∈ V i ⊗ k gives that x / ∈ V i . Therefore x * / ∈ P for P ∈ A. Hence x * is G I (A)−regular and G I (M )−regular. So (i) and (ii) follow. Similarly (iii) follows because x * / ∈ P for P ∈ B. For (iv) and (v) we notice that x o / ∈ P for P ∈ D since x / ∈ W i . It therefore follows that 
Proof. Observe that we have
Consider the following natural map
We now have
Valabrega-Valla criterion, see [10, 2.6]. Hence Kerα = xI n−1 M + mI n M and so
Proof of the Main Theorem
We now prove the main theorem. 
Proof. It follows from Proposition 2.3 that ℓ(Tor 
Claim:
But we have µ(I
Let µ(M ) = t and M =< m 1 , ..., m t > . We define a graded F (I)−linear map φ φ :
by φ(e i ) =m i wherem i ∈ M/mM. Observe that φ is surjective, 
Proof. So let d = 1 first. Consider the following exact sequence
Tensoring with M we get
1 we obtain from the exact sequence above that M ⊗ A I n is maximal CohenMacaulay A−module. It now follows from the [4, Theorem 3.1] that atleast one of M or I n is free A−module. But I n cannot be free because ht(I) = 0. Hence M is free A−module.
(ii) ⇒ (i) is obvious.
Example
We give an example where F I (M ) is one dimensional non-free F (I)−module having depth zero.
Example 5.1. Let A be a Cohen-Macaulay local ring of dimension 1 with atleast two distinct minimal prime ideals. Let P 1 and P 2 be those two minimal prime ideals. Now let M = A/P 1 ⊕ A/P 2 . Notice M is maximal Cohen-Macaulay A−module of dimension 1. Now choose b ∈ P 2 \ P 1 . Let J = (b) and A = Min(A/J) = {P 2 , P 3 , ..., P s }. Since A Pi is Artinian we have s i b ni = 0 for s i / ∈ P i and for 1 ≤ i ≤ s. Let n = max{n i | 1 ≤ i ≤ s}. Let a = b n and I = (a). We now have I P = 0 for P ∈ Min(A/I). We thus have (v) µ(a n M ) = ℓ(a n M/ma n M ) = 1 for all n ≥ 1 (Since a n / ∈ P 1 for all n ≥ 1). (vii) M is not free.
Computation of Tor:
Tor A 1 (M, A/I n ) = Tor A 1 (A/P 1 ⊕ A/P 2 , A/(a n )) ∼ = P 2 ∩ (a n ) P 2 (a n ) Since a ∈ P 2 we have P 2 ∩ (a n ) = (a n ). So Tor A 1 (M, A/I n ) ∼ = (a n ) P 2 (a n ) By Nakayama Lemma (a n ) = P 2 (a n ) so that for n ≫ 0 we have ℓ(Tor 
